Abstract: Let X1, . . . , Xn be independent observations with Xi ∼ N (θi, 1), where (θ1, . . . , θn) is an unknown vector of normal means. Let fn(x) = ∑ n i=1 (d/dx)Pn{Xi ≤ x}/n be the average marginal density of observations. We consider the problem of testing H0 : fn ∈ F0, where F0 is a family of mixture densities. This includes detecting nonzero normal means with F0 = {f δ 0 } and testing homogeneity in mixture models with F0 = {f δµ }. We study a generalized likelihood ratio test (GLRT) based on the generalized maximum likelihood estimator (GMLE, Robbins (1950); Kiefer and Wolfowitz (1956) ). We establish a large deviation inequality that provides a divergence rate εn of the GLRT under the null hypothesis. The inequality implies that the significance level of the test is of equal or smaller order than nε 2 n . We show that the test can detect any alternative that is separated from the null by Hellinger distance εn. For the two-component Gaussian mixture, it turns out that the GLRT has full power asymptotically throughout the same region of amplitude sparsity where the Neyman-Pearson likelihood ratio test separates the two hypotheses completely (Donoho and Jin (2004) ). We demonstrate the power of the GLRT for moderate samples with numerical experiments.
Introduction
In this paper we study a generalized likelihood ratio test (GLRT) based on the generalized maximum likelihood estimator (GMLE) of the average of marginal densities of normal observations. Let X 1 , . . . , X n be independent observations with X i ∼ N (θ i , 1), where (θ 1 , . . . , θ n ) is an unknown vector of normal means. Let f n (x) = ∑ n i=1 (d/dx)P n {X i ≤ x}/n be the average marginal density of observations. We consider the problem of testing the null hypothesis H 0 : f n ∈ F 0 , where F 0 is a family of mixture densities. It includes two important cases. One is detecting nonzero normal means with F 0 = {f δ 0 } when θ 1 , . . . , θ n are deterministic conditional means, where δ u is the probability distribution giving its entire mass to u. Another is testing homogeneity in mixture models with F 0 = {f δµ } when θ 1 , . . . , θ n are i.i.d. conditional means.
Based on the GMLE, the GLRT assumes essentially no knowledge about the unknown means but still aims to approximate the usual Neyman-Pearson likelihood ratio test (LRT). The idea of GMLE was suggested in an abstract by Robbins (1950) , and later received substantial theoretical development by Kiefer and Wolfowitz (1956) . Lindsay (1995) gave a comprehensive overview of early works. Due to the prevalence of high-dimensional data and the rapid rise of computing power, recently there is a revival of interest in it, both in theory and computing. Zhang (2009) studied the convergence rate of the GMLE under the Hellinger distance. Jiang and Zhang (2009) considered estimation of a high-dimensional vector of normal means by GMLE. Jiang and Zhang (2010) investigated estimation of homoscedastic and heteroscedastic partial linear models. Koenker and Mizera (2014) studied convex optimization to compute the GMLE. They proposed an efficient R-package called REBayes. These works are all related to the compound estimation of normal means, where the oracle Bayes rule can be explicitly expressed in terms of the average of the marginal densities of the observations (Robbins (1956) ). In view of these advances in estimation, a natural question has to do with the performance of GMLE in hypothesis testing. Recently, Gu, Koenker, and Volgushev (2013) considered testing homogeneity in mixture models.
One needs a careful analysis of the GLRT. Liu and Shao (2003) showed that under some general regularity conditions, the asymptotic distribution of the GLRT is the supremum of certain Gaussian processes. Azaïs, Gassiat, and Mercadier (2009) derived the distribution of the GLRT for a simple null hypothesis. However, these results cannot be directly applied in statistical inference. In this paper, we establish a large deviation inequality that provides a divergence rate ε n of the GLRT under the null hypothesis. The inequality implies that the significance level of the test is of equal or smaller order than nε 2 n . This type of result is new. We think it might be of independent interest as well. Meanwhile, the test statistic grows to infinity at a rate faster than nε 2 n under an alternative, provided the order of the Hellinger distance between the mixture densities under the null and the alternative is of larger order than ε n . Consequently, the test can separate two hypotheses.
As an important case, we are interested in testing H * 0 : f n = f δ 0 . In the deterministic conditional means case, this amounts to testing if all normal means are zero. For the alternative, we consider testing against a sparse two-component Gaussian mixture; we wish to detect a sparse vector where a majority of normal means are zero and all the nonzero means are equal. There have recently been some important papers on this problem. See Donoho and Jin (2004) on the higher criticism approach (see also Ingster (1999 Ingster ( , 2002 ), Jager and Wellner (2007) on goodness-of-fit tests, Hall and Jin (2010) on innovated higher criticism for correlated data, Cai, Jeng, and Jin (2011) on detecting heteroscedastic mixtures, Greenshtein and Park (2012) on robust tests, Walther (2013) on the average likelihood ratio approach, and so on. It is known that for the two-component Gaussian mixture there is a threshold effect for the LRT: the sum of Type I and Type II errors tends to 0 or 1 depending on whether the value of nonzero means exceeds a detection boundary or not (Jin (2002) ). However, the LRT requires the amplitude/sparsity parameters of the alternative to be known. This is not realistic in practice. The higher criticism is adaptive to the unknown degrees of heterogeneity in the detectable region. In this paper, we show that the GLRT has full power asymptotically throughout the same region of amplitude sparsity where the LRT separates the two hypotheses completely.
The rest of this paper is organized as follows. In Section 2 we introduce the statistical model and the GMLE. In Section 3. we propose the GLRT and study its significance level, power, and connection to the higher criticism. The generalization to a location-scale mixture model is also discussed. In Section 4 we provide some simulation results and data analysis. Section 5 contains conclusion. Proofs are given in Section 6.
The Generalized MLE
In this section, we introduce a general model in which the observations are independent and each observation is normally distributed given its latent conditional mean. This includes the inid case of deterministic conditional means and the i.i.d. case where the conditional means are themselves i.i.d., among other possible data generating models.
The inid location-mixture model
Let X i be independent observations with
where (θ 1 , . . . , θ n ) is an unknown vector of normal means. We study the estimation of the average marginal density of the observations:
This includes the cases of i.i.d. θ i and completely deterministic θ i under different choices of the probability measure P n , since a deterministic sequence of constants can be treated as a sequence of degenerate random variables. The average marginal density (2.2) can be explicitly written as a normal mixture density. Define the standardized normal location-mixture density as
where φ(x) = e −x 2 /2 / √ 2π is the standard normal density. Let G n be the average of the distribution functions of the unknowns {θ 1 , . . . , θ n } under P n ,
Therefore, G n is the distribution of θ 1 , . . . , θ n in the i.i.d. case and the empirical distribution of {θ 1 , . . . , θ n } in the deterministic conditional means case. With
as a location-mixture of standard normal densities.
The GMLE
Let G be the collection of all distributions in the real line R and take
as the family of all location-mixture of normal densities with unit variance. Given X 1 , . . . , X n , the GMLE (Robbins (1950) ; Kiefer and Wolfowitz (1956) ) of a normal mixture density is defined aŝ
Since the family F is indexed by the completely unknown mixing distribution G, the GMLE in (2.7) can be written aŝ
That is,f n itself is a mixture of normal density. The GMLE in (2.7) and (2.8) is a sensible estimator for f n = f Gn , since the expectation of log-likelihood
is uniquely maximized at f = f Gn . The GMLE is a generalization of usual MLE in the following sense. Suppose θ i 's are i.i.d. variables with distribution G. To generate X i 's, it works to directly sample i.i.d.
is not the likelihood of X 1 , . . . , X n for any f ∈ F . So that to generate X i 's, we need first to generate the θ i 's and then to sample X i from the normal distribution with mean θ i and unit variance.
The maximization in (2.7) is done over an infinite-dimensional parameter space F andĜ n is a complete nonparametric estimator in G . It follows from (2.3) and the definition ofĜ n in (2.8) that the support ofĜ n is always within the range of the data X 1 , . . . , X n due to the monotonicity of φ(x − u) in |x − u|. There exists a discrete solution ofĜ n with no more than n support points (e.g., Lindsay (1995) ). The computation of the GMLE in (2.8) is typically carried out using iterative algorithms. For example, one may use the EM algorithm to maximize over the subfamily of all discrete distributions G supported on a fine grid in the range of data (Jiang and Zhang (2009) ). Recently, Koenker and Mizera (2014) formulated the computation as a convex optimization problem and solved it by interior point methods. Our simulation presented in Section 4 used their R-package REBayes.
Generalized Likelihood Ratio Test
Let X 1 , . . . , X n be independent observations under model (2.1). Let f n be the average marginal density and G n be the average distribution function as in (2.2) and (2.4), respectively. We consider testing
where F 0 ⊂ F . This amounts to testing if (θ 1 , . . . , θ n ) are random samples from a certain distribution in
case, or if the empirical distribution of θ i 's is in G 0 in the deterministic conditional means case. The GLRT is defined as
wheref n is given by (2.7) andf 0,n = arg max
It is natural to directly study the asymptotic null distribution of the proposed test. Liu and Shao (2003) showed that under some regularity conditions, the asymptotic distribution of Λ n is the supremum of certain Gaussian processes. However, its properties for statistical inference are still unclear.
We divide this section into four subsections to study the significance level, the power, the connection to the higher criticism and the generalization to locationscale mixture model.
Main results
Our main result provides a large deviation inequality for the log-likelihood ratio Λ n at a divergence rate ε n that depends on the moments of elements in G 0 . The p-th weak moment of a distribution function G is
Due to the Markov inequality, the p-th weak moment is no greater than the standard p-th absolute moment:
The p-th weak moment of a distribution set G is defined as µ p (G ) = sup G∈G µ p (G). The divergence rate ε n , as a function of the sample size n, the distribution set G 0 and the power p of the weak moment, is defined as 
where
To construct a level-α test, we must find a critical value q(n, α) such that
It follows from (3.5) that q(n, α) is of equal or smaller order than nε 2 n . In particular,
An important and special case of (3.1) is testing
where δ u is the probability distribution giving its entire mass to u. In the deterministic conditional means case, it amounts to testing if all normal means are zero, while its complement is that some of observations have nonnull mean.
The proof of Theorem 1 is enlightened by Zhang (2009) , who studied the convergence rate of the GMLE under the Hellinger distance. Same technique can be employed in the divergence context. Theorem 1 depends on two elements. One is an entropy bound that controls the size of the normal location-mixture family F in (2.6) under the seminorm ∥h∥ ∞,M = sup |x|≤M |h(x)|. For any semidistance d, the ε-covering number N (ε, F , d) is the minimum number of balls of radius ε needed to cover F . That is, with Ball(
The other element is a large deviation inequality that bounds the likelihood ratio for large observations. We state these elements in two lemmas whose proofs are in Zhang (2009) .
where η * = 4η. Consequently, there exists a universal constant C such that
Lemma 2. Let (X i , θ i ) be independent random vectors with the conditional dis-
Power
We now consider testing H 0 against a specific member in the complement. The Hellinger distance between two densities f 1 and f 2 is
For two density sets F 1 and F 2 , the Hellinger distance is
= ∅ for every n ≥ 1. Let Λ n and q(n, α) be defined as in (3.2) and (3.6), respectively. Consider rejecting H 0 when Λ n > q (n, α) .
, then the GLRT has full power asymptotically:
Theorem 2 provides a sufficient condition under which the GLRT has full power to detect the alternative. Roughly speaking, the test is able to detect any alternative that is separated away from the null by distance ε n .
Corollary 2. Consider testing H
where .2) and (3.6) respectively. Consider rejecting
n /(log n) 2 → ∞, then the GLRT has full power asymptotically:
Theorem 2 is a consequence of the following.
Lemma 3. Consider testing
be the Hellinger distance between F 0 and F 1 . Then for all n ≥ 1,
Thus the likelihood ratio is exponentially large with probability exponentially close to 1. The exponents are proportional to nη 2 , where η is the Hellinger distance between F 0 and F 1 . The inequality characterizes the divergence rate of the likelihood ratio of GMLE of a normal mixture density. It can be regarded as an extension of the likelihood ratio inequalities in Wong and Shen (1995) .
GLRT in the two-component Gaussian mixture
In this subsection we focus on testing H * 0 in (3.7) against
In the deterministic conditional means case, (3.13) means a small fraction ξ n of θ i 's has nonzero value µ n . In the i. 
be the calibration. Define
For the usual likelihood ratio test (LRT) , ρ * (β) defined in (3.15) partitions the amplitude/sparsity (β, r) plane into two regions: the detectable region r > ρ * (β) and the undetectable region r < ρ * (β). If the parameters are in the detectable region, the sum of type I and type II error probabilities of the likelihood ratio test vanishes asymptotically (Jin (2002) ). It is well known that the higher criticism has asymptotically full power in the detectable region (Donoho and Jin (2004) ). In the literature, 1/2 < β < 1 and 0 < β ≤ 1/2 are referred to as the sparse regime and dense regime, respectively. Donoho and Jin (2015) gave a comprehensive review on higher criticism for large-scale inference. By analyzing the Hellinger distance between the mixture densities under H * 0 and H
1 , we show that the GLRT also yields asymptotically full power for detection throughout the entire detectable region without the knowledge of parameters (β, r).
Theorem 3. Consider testing H
in (3.13). Let Λ n and q(n, α) be defined as in (3.2) and (3.6) respectively. Consider rejecting H * 0 when Λ n > q(n, α). Let ξ n = n −β for 0 < β < 1 and µ n = √ 2r log n for 0 < r < 1. (3.15) . Consequently, for every alternative H (n) 1 in (3.13) with r exceeding the detection boundary ρ * (β), the GLRT has full power asymptotically.
Location-scale mixture
The inid location-scale normal model is best described by a sequence of independent random vectors (X i , ζ i , τ i ) with the following conditional densities under P n : . . . , n, (3.16) where σ > 0 is a known lower bound for the latent scale variables.
As far as the densities of the observations X i are concerned, the locationscale mixture model (3.16) is equivalent to the location model (2.1). This can be seen as follows. Since the N (ζ i /σ, τ 2 i /σ 2 ) density is the convolution of the N (0, 1) and
Thus, (2.1) holds with
This gives the equivalence between the two models (2.1) and (3.16). Let
be the average marginal density. Let
be the location-scale mixture where L(R × [σ, ∞)) = 1 with a known lower bound σ > 0 for the scale. Let L be the collection of all distributions on R × [σ, ∞) 20) where
the deterministic conditional means and variances case. The GLRT is defined as
Similarly, we take a critical value q * (n, α) such that
The equivalence given in (3.17) naturally leads to the following. under (3.17) . Then under H 0 , there exists a universal constant k * > 0 such that for large n and all k ≥ k * ,
for a fixed p > 0.
Theorem 5. Consider testing
and q * (n, α) be defined as in (3.21) and (3.22) respectively. Consider rejecting
) be the Hellinger distance between
H 0 and H (n) 1 . Let ε n ≡ ε(n, G 0 , p) where G 0 is the mapping of L 0 ≡ { L : h L ∈ H 0 } under (3.
17). If η n /ε n → ∞, then the GLRT has full power asymptotically:
P H (n) 1 { Reject H 0 } → 1, n → ∞.
Numerical Studies
In this section we report on comparisons of the power of the GLRT with that of other tests. We employed the R-package REBayes (Koenker and Mizera (2014) ) to compute the GLRT.
Null distribution
We studied the asymptotic null distribution of GLRT Λ n under H * 0 : f n = f δ 0 by simulation. The top panels in Figure 1 display the histograms of 2Λ n under H * 0 based on 10 4 replications with sample size n = 1, 000 and 5,000. Two curves are added to the histograms: the density estimation curve and the pdf of χ 2 -distribution with d.f. = 2 × Ave{Λ n }. The bottom panels display the Q-Q plots of 2Λ n . These figures illustrate that the asymptotic null distribution of 2Λ n is very close to χ 2 . We further studied the distribution of 2Λ n . In Table  1 , the mean, variance, skewness and kurtosis of 2Λ n are displayed based on 10 4 replication. The latter three characteristics are compared with their counterparts of χ 2 -distribution with the same mean. There are two messages from Table 1 : the finite samples indicate that the asymptotic distribution of 2Λ n is not exactly χ 2 , and the discrepancy between 2Λ n and χ 2 increases as sample size increases. 
Power comparison
We evaluated the power of the GLRT in testing H * 0 : f n = f δ 0 . The simulation includes the higher criticism (HC, Donoho and Jin (2004) ), the HC+ (a variation of HC), the Berk-Jones test (Jager and Wellner (2007) ) and the KolmogorovSmirnov test. Let p i be the p-value for the ith component null hypothesis and p (1) < p (2) < . . . < p (n) be the ordered p-values. The HC is defined as
. In Table 2 , we report simulated critical values of various methods based on 10 4 replications. Since the HC, HC+, and the BJ are all p-value based procedures, both critical values based on one-side and two-side p-values are reported.
The Berk-Jones test is BJ
In the first experiment we tested H * 0 against the two-component Gaussian mixtures model (3.13). We chose four combinations of parameters: (n, ξ n ) = (1, 000, 0.01), (1, 000, 0.005), (5, 000, 0.005), and (5, 000, 0.001). Let µ * = √ 2ρ * (β) log n be the thresholding effect value of µ where ρ * (β) is the detection boundary in (3.15). The corresponding calibration gave (β, µ * ) = (0.667, 1.517), (0.767, 1.923), (0.622, 1.442), and (0.811, 2.333). These settings are quite sparse. We let the amplitude parameter µ n range from 1.25 to 3 with an increment of 0.25. This range always includes µ * . We set the significance level α = 0.05 and 0.1. Since the values of µ n were always positive, we used the onesided p-value for the HC, HC+, and the BJ tests. Table 3 displays the powers of the GLRT, the HC, and HC+ based on 1,000 replications. The boldface entries denote the power over 0.5. In the two-component Gaussian mixture setting, the power of GLRT is always between the HC and HC+. In the second experiment we tested H * 0 against the Gaussian hierarchical model . For i = 1, . . . , n, we flipped a coin with probability ξ n of landing heads. When the coin landed tails, we drew an observation X i from N (0, 1). When the coin landed heads, we drew an observation µ i from N (0, τ 2 ) and then an observation X i from N (µ i , 1) . We let τ range from 1 to 4 with an increment of 0.5. We still set (n, ξ n ) = (1, 000, 0.01), (1, 000, 0.005), (5, 000, 0.005) and (5, 000, 0.001). The average powers over 1,000 replications are displayed in Table  4 , which demonstrate that the GLRT is competitive to the HC and the BJ. The results also suggest that the testing problem becomes easier as τ 2 increases.
Data analysis
We use leukemia gene microarray data (Golub (1999) ) to illustrate the use of GLRT. We used the cleaned version published by Dettling (2004) that contains measurements for 3,571 genes. There are 72 samples coming from two classes: ALL (acute lymphoblastic leukemia) and AML (acute myeloid leukemia). Among these 72 samples, there are 38 (27 in ALL and 11 in AML) training samples and an independent collection of 34 (20 in ALL and 14 in AML) test samples.
We applied the proposed test to the gene microarray data. Let x ij denote the expression level for the ith sample and the jth gene, 1 ≤ i ≤ n, 1 ≤ j ≤ p. Let C and D be the set of indices of samples from the training set and the test set, respectively. For notational consistency with later sections, we only used the data in the training set, but using the whole data gave similar results. Write C = C 1 ∪ C 2 , where C 1 and C 2 are the sets of indices of the training samples from classes 1 and 2, respectively. Letx jk = ∑ i∈C k x ij /|C k | be the average expression value of gene j for all samples in class k, k = 1, 2, and
We followed Efron's suggestion (2004) to standardize z * j :
wherez * and sd(z * ) represent the empirical mean and standard deviation of z * j 's, respectively.
We applied procedures to the Z j 's for the leukemia data. The resulting GLRT score was 15.3588. The p-values associated with the score is ≈ 10 −3 . This suggests the definite presence of signals scattered in the Z-vector. See Table 5 for other scores and p-values. 
Conclusion
As mentioned in the introduction, a primary motivation of our investigation is the compound estimation of normal means, where the oracle Bayes rule can be explicitly expressed in terms of the average of the marginal densities of the observations (2.2). In Jiang and Zhang (2009) , an empirical Bayes estimator based on GMLE was demonstrated to have superb numerical performance in a wide range of situations, including sparse settings. Thus, a natural question is that of the performance of GMLE in testing. We found an upper bound for the significance level by establishing a large deviation inequality. This was a different approach than in Azaïs, Gassiat, and Mercadier (2009) .
Under H * 0 : f n = f δ 0 , Theorem 1 implies that q(n, α) is of equal or smaller order than (log n) 2 (Corollary 1). We believe that this rate can be improved. This remains as future work. For the higher criticism, an innovated procedure has been proposed for correlated data (Hall and Jin (2010) ). It would also be interesting to explore the effect of correlation on the proposed test. This problem is beyond the scope of this paper and is an interesting topic for future research.
Proofs
Proof of Theorem 1. Let η = 1/n 2 and M = 2nε 2 n /(log n) 3/2 . For positive
Let F = {f G : G ∈ G } be the family of all location-mixture of normal distributions with unit variance. Let
Thus,
We derive large deviation inequalities for the right hind side of (6.2). For the first term,
It follows from Jensen's inequality and the definition of Hellinger distance that
This and
It follows from (6.3), (6.4) and the entropy bound in (3.9) that
) .
Since η = 1/n 2 and M = 2nε 2 n /(log n) 3/2 ≥ 4 √ log n,
for large n and k * ≤ k. Thus,
√ log n, Lemma 2 is applicable with a = n/M and λ = 1/ log n ≤ 1. This yields
The definition of ε n gives
Therefore, (6.6) and (6.7) give
Inserting (6.5) and (6.8) into (6.2), we find that for large n and k ≥ k * , 
Proof of Lemma 3. By the definition of GMLE,
It follows from the Chebyshev inequality and the definition of Hellinger distance that
The above two inequalities give (3.12).
Proof of Theorem
We divide the analysis of the Hellinger distance into two parts: Notice that I 1 ≡ n −2β Φ ( (β/µ n ) log n + µ n /2 ) /4 = O(n −2β ),
For the cross product, we have
∫ (β/µn) log n+µn/2 There are two cases. The first case is r ≤ β/3, in which I 3 = O(n 2(r−β) ) by (6.14). Simple algebra shows that I 3 ≫ (log n) 2 /n iff r > β − 1/2, for 1/2 < β ≤ 3/4. We turn to the second piece of integration in (6.9). When x ≥ (β/µ n ) log n + µ n /2, n −β exp(xµ n − µ 2 n /2) in the square root is the main term. So that (1) ) (I 1 +I 2 +I 3 )+I 4 , (6.12), (6.13), (6.15), (6.16), and (6.18), we have that nd 2 H (f δ 0 , f G (n) )/(log n) 2 → ∞ if and only if (3.15) holds. It follows immediately from Corollary 2 that for every alternative H (n) 1 with r > ρ * (β), the GLRT has full power asymptotically.
Proof of Theorem 4. Due to the equivalence between (3.16) and (2.1), it suffices to translate the rate ε n = ε(n, G , p) into functionals of the moments of ζ i and τ i , where G n is as in (3.17). We assume σ = 1 without loss of generality.
By (3.17), we may write
where Z i are i.i.d. N (0, 1) random variables independent of (ζ i , τ i ). For the p-th weak moment, (3.24) implies
The conclusion follows from Theorem 1.
